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On the number of SQS
Vladimir N. Potapov
Abstract. A Steiner quadruple system (briefly SQS(n)) is a pair (X,B) where |X| = n
and B is a collection of 4-element blocks such that every 3-subset of X is contained in exactly
one member of B. Hanani [1] proved that the necessary condition n mod 6 = 2 or 4 for the
existence of a Steiner quadruple systems of order n is also sufficient. Lenz [4] proved that the
logarithm of the number of different SQS(n) is greater than cn3 where c > 0 is a constant and
n is admissible. We prove that the logarithm of the number of different SQS(n) is Θ(n3 lnn) as
n→∞ and n mod 6 = 2 or 4.
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1. LS and MDS codes
By Q = [0, q − 1] denote the subset of integers. A subset M of Qd is called an MDS(t+ 1, d, q)
code (of order q, code distance t+ 1 and length d) if |C ∩ Γ| = 1 for each t-dimensional face Γ.
These codes achieve equality in the Singleton bound. As t = 1, MDS code are equivalent to Latin
(d− 1)-dimensional cube. If t = d− 2 then such MDS code is equivalent to a set of t Mutually
Orthogonal Latin Squares (MOLS) of order q, and in other cases to a set of t Mutually Strong
Orthogonal Latin (d − t)-Cubes. Moreover, a Latin hypercube is a Cayley table of a multiary
qusigroup. A pair of orthogonal Latin squares corresponds to a pair of orthogonal quasigroups
(see [8] or [10]).
By definition MDS code it follows
Proposition 1. Any projection of an MDS code is an MDS code.
Proposition 2. LetM ⊂ Q5 be an MDS code with the code distance 4 andM ′ is a 4-dimensional
projection ofM . Then there exists an MDS code C ⊂ Q4 with code distance 2 such thatM ′ ⊂ C.
Proof. By results of [10] any MDS code correspond to a system of orthogonal quasigroups.
So (x, y, u, v, w) ∈M whenever


u = f(x, y);
v = g(x, y);
w = h(x, y),
where f, g, h determine a set of 3 MOLS.
Determine M ′ by equations
{
u = f(x, y);
v = g(x, y).
Define the function ϕ : Q2 → Q by equation ϕ(f(x, y), g(x, y)) = h(x, y). The orthogonality
of f and g yields that the function ϕ is well defined; and the orthogonality of f and h, the
orthogonality of g and h provide that ϕ is a quasigroup. Hence the set C = {(x, y, u, v) |ϕ(u, v) =
h(x, y)} is an MDS code and M ′ ⊂ C by construction. N
Proposition 3. [6] For every integer d there is an integer k(d) such that for all k > k(d) there
exists a set of d MOLS of order k.
Note that k(6) is not greater than 75 [7].
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A subset T of an MDS code C ⊂ Qd is called a subcode if T is an MDS code in A1×· · ·×Ad
and T = C ∩ (A1 × · · · × Ad), where Ai ⊂ Q, i ∈ {1, . . . , d}. A definition of a Latin subsquare
is analogous.
Proposition 4. Assume C is an MDS code with a subcode C1 of order m, and assume that a
code C2 has the same parameters as C1. Then it is possible to exchange C1 by C2 in C and to
obtain the code C ′ with the same parameters as C.
A Latin square f is called symmetric if f(x, y) = f(y, x) for each x, y. It is called nilpotent
if f(x, x) = 0 for every x. By using the construction from [5] it is easy to prove
Proposition 5. Let q be even and k ≤ q/4. Then there is a symmetric nilpotent Latin square
of order q with subsquare in K0 × K1 × K1 and K1 × K0 × K1, where K0 = [0, q − 1] and
K1 = [q − k, q − 1].
2. Designs
A t-wise balanced design t-BD is a pair (X,B) where X is a finite set of points and B is a set
of subsets of X, called blocks, with property that every t-element subset of X is contained in a
unique block. A 3-wise bipartite balanced design 3-BBD(n) is a triple (X, g1, g2, B) where g1, g2
(|g1| = |g2|) is a partition of X, |X| = n, B is a set of 4-element blocks such that |b∩ gi| = 2 for
every b ∈ B, i = 1, 2 with property that every 3-element subset s (s ∩ g 6= ∅) is contained in a
unique block.
A Steiner system S(t, k, v) is a t-BD such that |X| = v and |b| = k for every b ∈ B. If
t = 3 and k = 4 then this design is called a Steiner quadruple system. We consider also a 3-BD
denoted by S(3, {4, 6}, v) consisting of blocks of size 4 or 6.
Let X be a set of points, and let G = {G1, . . . , Gd} be a partition of X into d sets of
cardinality q. A transverse of G is a subset of X meeting each set Gi in at most one point. A
set of w-element transverses of G is an H(d, q, w, t) design (briefly, H-design) if each t-element
transverse of G lies in exactly one transverse of the H-design.
An MDS code M ⊂ Qd with code distance t + 1 is equivalent to H(d, q, d, d − t), where
G = {Q1, . . . , Qd}, Qi are the copies of Q, and the block {x1, . . . , xd} lies in the H-design
whenever (x1, . . . , xd) ∈ M . If t = 2, an H-design is called a transversal design. Transversal
designs are equivalent to systems of MOLS.
If q is even then a 3-BBD (X, g1, g2, B) is equivalent to the MDS code M ⊂ Q
4 (with the
code distance 2) that satisfies the conditions
(x, y, u, v) ∈M ⇒ (y, x, u, v), (x, y, v, u), (y, x, v, u) ∈M ; ∀x, u ∈ Q (x, x, u, u) ∈M. (1)
Here g1 = Q1∪Q2, g2 = Q3∪Q4, Qi are copies of Q, and {x1, x2, x3, x4} ∈ B if (x1, . . . , x4) ∈M
and x1 6= x2.
Proposition 6. [8] The logarithm of the number of MDS codes M ⊂ Qd with code distance 2
is1 Θ(|Q|d−1 ln |Q|) as n→∞.
Using methods of [5], [9] and Proposition 6 we can prove the following theorem.
Theorem 1. The logarithm of the number of 3-wise bipartite balanced designs on n-element
set is Θ(n3 lnn) as n→∞.
1 Notation f(x) = Θ(g(x)) as x→ x0 means that there exist constants c2 ≥ c1 > 0 and a neighborhood U of
x0 such that for all x ∈ U c1g(x) ≤ f(x) ≤ c2g(x).
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Proof. Suppose the quasigroup f satisfies the hypothesis of Proposition 5. Consider the
MDS code M = {(x, y, u, v) | f(x, y) = f(u, v)}. It is easy to see that M meets the conditions
(1). Furthermore, M has subcodes Bσ on Kσ1 ×Kσ2 ×Kσ3 ×Kσ4 , where σ = 0101, 1001, 0110
or 1010.
For any MDS code C and permutation τ we define Cτ = {(xτ1, . . . , xτn) | x ∈ C}. Let Υ be
a group of permutaions on 4 elements generated by transpositions (01) and (23).
By Proposition 4 the set M ′ = (M \
⋃
τ∈ΥKτ(0101))
⋃
τ∈ΥCτ is an MDS code. By construc-
tion,M ′ satisfies (1). Since we use an arbitrary code C of order k, the number of 3-wise bipartite
balanced design is greater than the number of MDS codes of order k. N
The following doubling construction of block designs is well known (see [3]).
Proposition 7.
1. If Sn ∈ S(3, 4, n), Bn ∈ 3−BBD(n) then there exists S2n ∈ S(3, 4, 2n) such that Sn, Bn ⊂ S2n.
2. If Sn ∈ S(3, {4, 6}, n), Bn ∈ 3−BBD(n) then there exists S2n ∈ S(3, {4, 6}, 2n) such that
Sn, Bn ⊂ S2n.
Proposition 8. ([2], [3] Th. 4.1) There is an injection from S(3, {4, 6}, n) to S(3, {4, 6}, 2n−2).
3. Main results
The following theorem provides a new construction of SQS based on MDS codes. Existence of
suitable MDS codes follows from Propositions 1 – 3.
Theorem 2.
1. If S2n+2 ∈ S(3, 4, 2n + 2), Bn ∈ 3−BBD(n), n > 75 is even, then there exists S8n+2 ∈
S(3, 4, 8n + 2) such that S2n+2, Bn ⊂ S8n+2.
2. If S2n+2 ∈ S(3, {4, 6}, 2n + 2), Bn ∈ 3−BBD(n), n > 75 is even, then there exists
S8n+2 ∈ S(3, {4, 6}, 8n + 2) such that S2n+2, Bn ⊂ S8n+2.
Proof. Below we describe a construction of S8n+2 for item 1. Item 2 is similar.
Let I = {(i, δ) | i ∈ {0, 1, 2, 3}, δ ∈ {0, 1}}. Denote by S8 a SQS on I. Let S10 be a SQS
on I ∪ {e1, e2} such that {(i, 0), (i, 1), e1 , e2} ∈ S10 for every i ∈ {0, 1, 2, 3}. Since n > 75,
there exists an MDS(7, 8, n) code M . We enumerate these 8 coordinates by elements of I.
Consider s = {s1, s2, s3, s4} ∈ S8. Denote by Ms the projection of M on the coordinates s. By
Proposition 1 Ms ∈MDS(3, 4, n). By Proposition 2, there exists Cs ∈MDS(2, 4, n) such that
Ms ⊂ Cs.
Now we will construct SQS on a set Ω where |Ω| = 8n + 2, Ω = {e1, e2}
⋃
(i,δ)∈I
A(i,δ) and
|A(i,δ)| = n.
Consider H-designs M∗, M∗s and C
∗
s with groups A(i,δ) that correspond to MDS codes M ,
Ms and Cs. Let us determine quadruples of four types.
(1) Denote R1 =
⋃
s∈S8
(C∗s \M
∗
s ). It is clear that the blocks of
⋃
s∈S8
C∗s cover only once all 3-
subsets of Ω\{e1, e2} where three elements lie in different groups. Besides, a 3-subset is covered
by a block of
⋃
s∈S8
M∗s iff it is included in a 8-element subset from M
∗. Note that
⋃
s∈S8
(C∗s ) and⋃
s∈S8
(M∗s ) is H-designs of type H(8, n, 4, 3) and H(8, n, 4, 2), respectively, on Ω \ {e1, e2}.
(2) Consider any 8-subset b = {ai,δ ∈ A(i,δ) |i, δ ∈ I} ∈ M
∗. For every b ∈ M∗ deter-
mine a set Pb consisting of blocks {a
s1 , as2 , as3 , as4}, where {s1, s2, s3, s4} ∈ S10 and blocks
{as1 , as2 , as3 , eδ}, where {s1, s2, s3, δ} ∈ S10. Denote by R2 = {Pb | b ∈M
∗} the set of all these
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blocks. By definition of S10, the blocks of R2 cover all 3-sets consisting of e1 or e2 (but not
both) and two elements from A(i,δ) and A(i′,δ′) where i 6= i
′. Moreover the blocks of R1 ∪ R2
cover all 3-subsets of Ω \ {e1, e2}, where the three elements lie in different groups.
(3) For any pair s0 = (i0, δ0), s1 = (i1, δ1) where i0 6= i1 consider a 3-BBD Bs0,s1 with groups
As0 and As1 . Denote R3 =
⋃
Bs0,s1 . It is clear that a 3-subset is cover by a block of R3 iff two
elements of the 3-subset lie in A(i,δ) and the third element lies in A(i′,δ′), where i 6= i
′.
(4) For i = 0, 1, 2, 3 consider a Steiner quadruple systemsDi on the sets A(i,0)∪A(i,1)∪{e1, e2}.
Define R4 =
⋃
Di.
By the construction, the blocks from S8n+2 = R1 ∪ R2 ∪ R3 ∪ R4 cover any 3-subset of Ω
only once. To prove S8n+2 ∈ S(3, 4, 8n + 2), we calculate |S8n+2|. It is well known that SQS of
order m consists of m(m−1)(m−2)4! blocks. Therefore |R1| = |S8|(n
3 − n2) = 14(n3 − n2), R2 =
(|S10|−4)n
2 = 26n2, R3 = (
(
8
2
)
−4)(
(
n
2
)
n/2) = 6n2(n−1), R4 = 4|S2n+2| = (2n+2)(2n+1)n/3.
Then
|S8n+2| = |R1|+ |R2|+ |R3|+ |R4| = 20n
3 + 6n2 + (2n + 2)(2n + 1)n/3 =
= 64n3/3 + 8n2 + 2n/3 = (8n+ 2)(8n + 1)8n/24.
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Note that it is possible to use SQSs of order 6k+2 and 6k+4, k ≥ 1 instead of S8 and S10.
Now we obtain a lower estimate of the number of block designs as a corollary of Propositions
7(2), 8, Theorem 2(2) and the asymptotic estimate from Theorem 1.
Theorem 3. The logarithm of the cardinality of S(3, {4, 6}, 2n) is greater than c(n3 lnn), where
c > 0 is a constant.
Proof. If n is even then the statement follows from Propositions 7(2) and Theorem 1.
If n is odd then we will consider some cases. Let 2n = 16k+6. Since 16k+6 = 2(8k+4)−2
the statement follows from Proposition 8 and the case of even n. The cases 2n = 16k + 10 =
2(2(4k + 4) − 2) − 2 and 2n = 16k + 14 = 2(8k + 8) − 2 are simular. If 2n = 16k + 2 then we
use Theorems 1 and 2(2). N
We need some constructions of SQS.
Proposition 9. ([3] Th. 4.2) There is an injection from S(3, {4, 6}, n) to S(3, 4, 3n − 2).
Proposition 10.
1. There is an injection from S(3, 4, n) to S(3, 4, 6n − 10). ([3] Th. 4.11)
2. If n ≡ 10 mod 12 then there exists an injection from S(3, 4, n) to S(3, 4, 3n−4). ([1] 3.4)
The asymptotic estimate of the number of SQSs is a corollary of constructions of SQS
provided by Propositions 7(1), 9, 10, Theorem 2(1) and the asymptotic estimates from Theorems
1, 3.
Theorem 4. The logarithm of the cardinality of S(3, 4, n) is Θ(n3 lnn) as n → ∞ and n ≡ 2
mod 6 or n ≡ 4 mod 6.
Proof. The upper bound is oblivious (see [4]). To prove lower bound we will consider apart
some subsequences of integers.
(a) Consider a subsequence n = 4k. For this subsequence the required asymptotic estimate
is a corollary of Theorem 1 and Proposition 7(1).
(b) Consider the subsequence n ≡ 4( mod 6). Then n = 3(2t + 2) − 2 and the required
asymptotic estimate is a corollary of Theorem 3 and Proposition 9.
It retains to consider three subsequences n mod 36 = 2, 14 or 26.
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(c) If n = 3(12t + 10) − 4 then for establishing the required asymptotic estimate we use
Proposition 10(1) and the proved case (b).
(d) If n = 6(6t + 4)− 10 then we use Proposition 10(2) and the proved case (b).
(e) Consider the case n mod 36 = 2. If n = 64t + 2 = 8(342t) + 2 then the required
asymptotic estimate is a corollary of Theorems 1 and 2(1). The other cases are reduced to the
subsequence n = 64t+ 2 by applying Proposition 10(2). N
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